
Winter term 2020/21 - Algebra II - Algebraic Number Theory

Problem Sheet 8

Problem 1

Let χ : (Z/NZ)× → C× be a Dirichlet character and K ⊆ Q(ζN ) the �xed �eld of its kernel.
Prove that χ(−1) = 1 if and only if K is a totally real �eld. The latter meaning that for
every ν : K → C one has ν(K) ⊆ R.

Problem 2

(a) Let an, bn ∈ C be two sequences of complex numbers and for m ≤ k, m ≤ m′ put

Am,k =

k∑
n=m

an and Sm,m′ =

m′∑
n=m

anbn.

Prove

Sm,m′ =

m′−1∑
n=m

Am,n(bn − bn+1) +Am,m′bm′ .

(b) Let 0 < α < β real numbers and let z = x+ iy ∈ C, x, y ∈ R, x > 0. Then

|e−αz − e−βz| ≤
∣∣∣ z
x

∣∣∣ (e−αx − e−βx).
Hint: Write e−αz − e−βz = z

∫ β
α e
−tzdt.

(c) Let f(s) =
∞∑
n=1

an
ns , an ∈ C, be a Dirichlet series. Prove that if f converges for some

s0 ∈ C, then f converges locally uniformly on { s ∈ C | Re(s) > Re(s0) }.

Problem 3

Let A be a subset of rational primes. If there exists a number ρ ∈ [0, 1] such that∑
p∈A

1

ps
∼ ρ log 1

s− 1
for s real and s→ 1+,

(i.e. s approaches 1 along the real line from the right), then we say that A has Dirichlet
density ρ. Compute the Dirichlet density for

An := { p | 2 is an nth power mod p}

and n = 2, 3.
Hint for n = 3: Consider the Dedekind ζ-function for both Q( 3

√
2) and its Galois closure.
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Problem 4

More intuitive than the Dirichlet density is the so-called natural density and we aim to show
that the latter is also a former, if exists. Let A be a subset of primes. For x > 0, denote by
π(x) the number of all primes less than x, and by πA(x) the number of primes in A less than
x. The natural density of A is de�ned as the limit

ρ := lim
x→∞

πA(x)

π(x)

whenever it exists.

(a) Show that

∑
p∈A

1

ps
− ρ

∑
p

1

ps
=
∞∑
n=1

(πA(n)− ρπ(n))
(

1

ns
− 1

(n+ 1)s

)
.

Hint: Use Exercise 2, Part (a)

(b) For every ε > 0, there exists N > 0 such that |πA(n) − ρπ(n)| ≤ επ(n) for all n > N .
Use this to prove that for any ε′ > 0, there exists δ > 0 such that∣∣∣∣∣∣

∑
p∈A

1

ps
− ρ

∑
p

1

ps

∣∣∣∣∣∣ ≤ ε′
∑
p

1

ps

whenever 1 < s < 1 + δ. Conclude that A has Dirichlet density ρ.
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